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Abstract

Exact closed-form expressions are presented for the properties of the McGhee–von Hippel model of non-specific
binding of large ligands to one-dimensional homogeneous lattices. These properties include the midpoint location and
the slope at the middle point of the binding isotherms(v;ln L plots), the location and magnitude of the maximum,
as well as the location of the inflection point, in the Scatchard plots(vyL;v plots). � 2002 Elsevier Science B.V.
All rights reserved.
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Since its introduction, the McGhee–von Hippel
model for non-specific binding of large ligands to
one-dimensional homogeneous lattices(also
known as multiple-contact binding, multi-valent
binding, or parking problems) w1x has been widely
used to analyze experimental data. It has also
stimulated theoretical and computational investi-
gations to further explore the quantitative proper-
ties of the model.
To model co-operative non-specific binding of

large ligands to one-dimensional homogeneous
lattices, the McGhee–von Hippel model uses three
parameters: the intrinsic binding constantK; the
unitless cooperative parameterw; and the number
of lattice sites covered by one ligandn. Using the
conditional probability method, McGhee and von
Hippel obtained a closed-form expression for the
Scatchard plots,vyL;v, wherev is the number of
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bound ligands per lattice site and takes a value
from 0 to 1yn, and L is the free ligand activity.
The expression was validated by Tsuchiya and
Szabow2x through the manipulation of the secular
equation of the transfer matrix, and by Di Cera
and Kongw3x using site-specific thermodynamics.
In general, the model deviates from the traditional
linear Scatchard plots and results in curved plots.
For some positively cooperative interactions(see
below), the Scatchard plot shows a maximum.
In order to relate the experimental data to the

three parameters that characterize the model,
Ramanathan and Schmitzw4x used a numerical
method on the secular equation of the transfer
matrix to obtain empirical equations to express the
midpoint location and slope at the middle point of
the conventional binding isotherms(v;ln L plots)
wEqns. (12) and (16) of w4x, respectivelyx. They
also obtained an approximate equation to express
the location of the maximum in the Scatchard plots
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(vyL;v plots) using the parametersw andn wEq.
(37) of w4xx. Their conclusions are only approxi-
mate, and only apply to a certain range of the
parameters. In this paper, we give exact expres-
sions for these three properties, as well as formulae
for the magnitude of the maximum and the inflec-
tion point for those Scatchard plots which convex
upward and have maxima.
1. The model

The McGhee–von Hippel model can be
expressed in an alternative form asw3x:

Ž .1q 2wyny1 vqQv
Ž .sKw 1ynv

Ž .Ž .L 2wy1 1ynv qvqQ
ny1w zŽ .2w 1ynvx |= (1)

Ž .Ž .2wy1 1ynv qvqQy ~

where

2Ž . Ž .Qs 1y nq1 v q4wv 1ynv (2)w xy
This expression, which is proven to be equivalent
to the original equationw3x, treats the non-coop-
erative(ws1) and co-operative(w/1) situations
uniformly, and its algebra can be manipulated more
easily than the original formulawEq. (15) of w1xx.
Although the binding densityv cannot be

expressed explicitly as a function ofL for general
n and w, which is usually needed if the more
conventional plotv;ln L is required, it should be
pointed out thatL can be expressedexplicitly as a
function of v:

Ž .Ž .2wy1 1ynv qvqQv
Ž .Lsf v,w,n s

Ž . Ž .Kw 1ynv 1q 2wyny1 vqQ
ny1w zŽ .Ž .2wy1 1ynv qvqQx |=

Ž .2w 1ynvy ~
(3)

Using Eqs.(1) and(3), we can obtain the follow-
ing exact expressions.

2. The binding isotherms (v;ln L plots)

2.1. Middle point location

Substituting vs1y(2n), which is the middle
point in the normalizedv ;ln L plot (v snv),n n

into Eq. (3), we obtain:

1 1
KL s1y2 ny12 2wqny1qP

nw z2wnynq1qP
x |= (4)
y ~wn

where

2Ž .Ps ny1 q4wn (5)y

Whenns1, KL s1yw; for general values ofn,1y2

however,wKL is not a constant. Expanding Eq.1y2

(4), we have:
21 ny1 n y1

KL f y q y... (6)1y2 2 1y2 5y2w 2w 6n w

wKL approaches 1 only whenw is significantly1y2

larger thann.
Whenws1, KL has a simple form:1y2

ny1Ž .nq1
)KL s (7)ws11y2 nn

Fig. 1a showswKL ;w for various values ofn.1y2

2.2. Slope at the middle point

The slope at the middle point of a normalized
v ;ln L plot is given by:n

≠v ≠vnS s snL1y2 ) )≠lnL ≠L Ž .v s1y2 vs1y 2nn

Ž .nf v
s (8))Ž .f9 v Ž .vs1y 2n

where f (v) is defined in Eq.(3). Simplification
of Eq. (8) yields:

Ž .Ž .n 2wqny1qP 2wnynq1qP P1
S s1y2 2Ž .16 n qPnq2wnqPq1 w

(9)

which is true for anyn and w. Ramanathan and
Schmitz w4x used numerical calculation to obtain
an empirical equation for this property over a
small range ofw wtheir Eq.(16)x.
For ws1, we have:

nq1
S s (10)1y2 8n
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Fig. 1. (a) The midpoint location of thev;ln L plot times the cooperative parameterw as a function ofw for ns1, 2, 5, 20 and
50. Whenns1, wKL s1 for all values ofw. For n)1, wKL approaches 1 only whenw is large enough.(b) The slope at the1y2 1y2

middle point of the normalizedv ;ln L plot as a function of the cooperative parameterw for ns1, 2, 5, 20 and 50.n
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The slopes at the middle point for variousn are
shown in Fig. 1b.

3. Scatchard plots (vyL;v)

3.1. Location of maximum in the Scatchard plots

As pointed out by McGhee and von Hippelw1x,
when 2w)2nq1, the Scatchard plot shows a
maximum. Ramanathan and Schmitzw4x gave an
approximate equation to relate the position of the
maximum tow for the case ofns1 wtheir Eq.(1)x
and tried to generalize this relation to anyn wtheir
Eq. (37)x. In this paper, we give the exact formula
for the location of maximum in the Scatchard plot.
Differentiation of Eq.(1) yields a cubic equation

of v for the position of the maximumv :m

3 2c v qc v qc vqc s0 (11)3 2 1 0

where
2 2Ž .c sn 4wny nq1 (12a)w x3

Ž .Ž .c sy2n 6wny 2nq1 nq1 (12b)w x2

2c s12wny6n y6ny1 (12c)1

Ž .c sy2 2wy2ny1 (12d)0

Solving Eq.(11) for w, we obtain an express of
w as a function ofn and the location of the
maximumv :m

2 2 2 2Ž .Ž .n v qnv y2ny1 n v qnv y2nv yv q2m m m m m m
wpws 3Ž .4 nv y1m

(13)

Whenns1, Eq.(13) reduces to:
2Ž .Ž .2v y3 2v y3v q2m m m

ws (14)3Ž .4 v y1m

Obviously Eqs.(13) and (14) differ from the
approximate equations in Ramanathan and Schmitz
w4x.
Solving the cubic equationwEq. (11)x for v, we

can obtain the exact location of the maximum
expressed as a function ofw and n. The exact
closed-form solution can be approximated as:

1y3 2y31 1 2 1 2
v f y ym 2y3 1y3 1y3 2y3n 2 n w 12n w

1y3 22 Ž .2 35n q54nq181 n y1
y y q... (15)2 5y3 4y312 n w 648n w

It can be seen from Eq.(13) and Fig. 2a that
when w approaches infinity, the location of the
maximum approaches 1yn (1 in the figure for the
normalized curves); As w decreases, the location
of the maximum shifts to 0. When 2wy2ny1s
0, c in Eq. (11) vanishes, the maximum is located0

at vs0. When 2wy2ny1-0, Eq. (11) does not
have a real root in the rangew0«1ynx, so the
Scatchard plot will not have a maximum.

3.2. Magnitude of maximum in the Scatchard plot

Substituting the exact solution ofv , from abovem

into Eq. (1), we can obtain the magnitude of the
maximum. The exact formula can be expanded
and approximated as:

w 2y3 1y3B E B E B Ev w w 7 wxsK y3 qC F C F C F
DLG n D2nG 2D2nGym

Ž .Ž .3nq1 9ny1
y 212n

zB Ey1y3B Ew |qO (16)C FC F
D2nGD G~

The antagonistic relation betweenn and w is
clearly demonstrated in Eq.(16).
In the original paper, an inequality is set up for

the magnitude of the maximum in the Scatchard
plot without proof:

B Ew 1 v w
- - (17)C F

2n KDLG nm

Here we give a brief proof.
Substitutingw in Eq. (13) into Eq. (2), we

have:

1
Q s (18)m 1ynvm

SubstitutingQ into Eq. (1), we obtain the equa-m

tion which relates the magnitude of the maximum
to the location of the maximum:

nq12Ž . Ž .1ynv yv 1ynv q1w xB E m m m1 v 1
C F s ny13 2D G Ž .K L 4 1ynv Ž . Ž .1ynv qv 1ynv q1w xm m m m m

(19)
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Fig. 2. (a) The location of maximum and inflection point of Scatchard plot as a function of the cooperative parameterw for ns1,
2, 5, 20 and 50. The locations of maximum and inflection point are shown as solid lines and dotted lines, respectively. Scatchard
plot shows a maximum only when 2w)2nq1. The maximum shifts to 1yn asw increases. Whenns1, there is no inflection point
for the Scatchard plot; whenn)1, the inflection point lies between the maximum and 1yn. The locations are normalized byn so
that the plots of differentn can be compared. The horizontal line at 1 only serves as a visual guide.(b) The magnitude of the
maximum in Scatchard plot as a function of the cooperative parameterw for ns1, 2, 5, 20 and 50.Ks1 is used for all the curves.
The curves are normalized byn so that the plots of differentn can be compared.



6 Y. Kong / Biophysical Chemistry 95 (2002) 1–6

Using Eq.(13) again, we can obtain:

B E1 v
C F
D GK L m

n2Ž . Ž .1ynv yv 1ynv q1w xm m m1
sw ny12 22nq1ynv ynv Ž . Ž .1ynv qv 1ynv q1w xm m m m m

Ž .swh n,vm
(20)

Notice that the functionh(n,v) does not depend
on w. In the regionw0, 1ynx, wherev takes itsm

value, the functionh(n,v) obtains its maximum at
vs1yn as h(n,1yn)s1yn, and obtains its mini-
mum at a valuev (n) where v (n) is one of the0 0

roots of equationn(nq1)v y(4nq1)vq2s0, i.e.2

. This is the only value in
2y4nq1y 8n q1

Ž .v n s0 Ž .2n nq1
the region w0, 1ynx where the derivative of the
function h(n,v) vanishes. At the valuev (n),0

the minimum of h(n,v) multiplied by n
increases monotonically as a function ofn:

and)Ž .nh n,v n s1y2Ž . ns10

B E Ž .yy 2y1C Fy)Ž .nh n,v n s2 2y1 e s0.5475.Ž . D Gns`0

From these results, we get:

B Ew 1 v
Ž . Ž .Fwmin h n,v - swh n,vC FŽ .m m2n KDLGm

w
Ž .-wmax h n,v s (21)Ž .m n

The location and the magnitude of the maximum
for variousn as a function ofw are given in Fig.
2a,b, respectively.

3.3. location of inflection point in the Scatchard
plot

As co-operativity becomes more positive, the
location of the maximum of the curved Scatchard
plot becomes closer to 1yn, and the plot becomes
very steep. Counter-intuitively, as pointed out by
Schwarzw5x, the end slope of the Scatchard plot
is zero, except forns1, which isyKw (it was2

misprinted asyKw in w5x). The reason for this is

that when n)1, it is not possible to bind any
ligand to the lattice if onlyone empty site is left
in the lattice. Whenn)1, the Scatchard plot will
show an inflection point which lies betweenvm

and 1yn, if the plot indeed has a maximum.
Although it might be difficult to reach this portion
of the curve experimentally, for completeness we
give the equation of the inflection point here.
Differentiating Eq.(1) twice, we end up with a

quartic equation for the location of this inflection
point:

4 3 2d v qd v qd v qd vqd s0 (22)4 3 2 1 0

where
22 2Ž .d sn 4wny nq1 (23a)w x4

2 2 w xŽ .d sy2n 4wny nq1 2wyny1 (23b)w x3

w xŽ .Ž .d syn 6wny nq1 nq2 2wyny1 (23c)w x2

2 2Ž .d sy4n 4wny2w q2wy nq1 (23d)w x1

2 2Ž .d s2 2wnq2w y2wyn yn (23e)0

Although Eq.(22) has a closed-form solution, it
is too complicated to write down. However, we
can have a series expansion of the exact solution
as:

2w z1 1 n y3 1 12x |yvf y q n q3 yi 2y ~n 18n n w 972n
4 3w14n q27n y81ny36

x=
y n

4 3 z14n q27n q81nq9 12 |yq n q3 (24)2 2~n q3 w

The exact locations of the inflection point for
various n are shown in Fig. 2a. As can be seen
from Fig. 2a, the location of the inflection point
lies very close to 1yn.
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